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Web Appendix 1. Solving for Equilibrium

At equilibrium (denoted by * ), we set the time derivatives of Eq. 1 to zero.

0= b(z) <min ( Fr(1(2)), fR(f{(z))) . m) (Ala)

b(z A A 2], b(z
0= —Qmin (f[([(z)), fR(R(Z))> + DR(Z);;% + embgf) (A1b)
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2], " (Alc)
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He) = e [ (ab(Z)+ang) dz (Ale)

We now solve for the equilibrium distributions of nutrients and light, and the equilbrium
biomass.

To solve for the equilibrium distribution of nutrients in the water column, we note
that under our assumption of a delta distribution of biomass, Eq. Alb reduces to

0°R
W = 0, z 7£ z] (AQ)

Equation A2 with boundary condition Eq. Alc shows that the diffusion of the nutrients
equalizes the nutrient concentration above the layer,

~

R(z)=R(%), 0<2< z (A3)

Equation A2 also implies that nutrients vary linearly below the layer (denoted by z;"),
thus
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Using Eq. Ald to solve Eq. A4 for R(zb) we find

R(z) = Rinfi(ib ;(;z)_tﬁ(%) (A5)
SO . . .
. b
Thus the distribution of nutrients at equilibrium is
R - {]?(Zl)’ R (a7
R(z)+ (2 — Zl)zbl—ln—Th—lzﬂ < z<2z

Nutrients are constant above the layer and increase linearly with depth below the layer
(Fig. 1F).

Next, we will determine the equilibrium distribution of light. With our assumption
of a delta distribution of biomass, Eq. Ale becomes

~ . o QbgZ <
I(z):{]me , 0<z<z (A8)
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Light declines with depth exponentially due to background attenuation and drops a finite
amount at the layer due to attenuation by phytoplankton (Fig. 1F). Note from Eq. A8
that a thin layer shades itself.

Now we will determine the equilibrium biomass. Equation Ala shows that
phytoplankton reduce either the nutrient concentration or the light level to their break-
even value at the layer since

min (f7(1(z0)), fr(R(z))) =m (A9)

There are three possible cases: 1) the layer is nutrient-limited so that R(z;) = R* and
I(z;) > I*, 2) the layer is light-limited so that I(z;) = I* and R(z;) > R*, or 3) the layer is
limited by both resources so that R(z;) = R* and I(z;) = I*.

In the case of nutrient-limitation, substituting Eq. A9 into Eq. Alb and
rearranging,
B = YDrp O*R

(2) = ml—2) 92 (A10)
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integrating over z from 0 to zp,

B— YDr OR (Al1)
m(l—e¢) 0z |,_,,

substituting Eq. A6 into Eq. All,

A

YDR(Rm — R(Zl))

B= A12
m(l —e)(zp+ 1/h — 2) (A12)
and finally setting R(z;) = R* gives us the equilibrium biomass
m(l—e)(zp+ 1/h — 2)
The light level at and immediately under the layer is then given by Eq. AS,
. __aYDp(Ri—R*) ez
1(2) = Lipe mO=2Gpt 7=z~ ®e? >, ¥ (A14)

Note that [ (z;) decreases as z; increases, so that a deeper nutrient-limited layer produces
more shade.

In the case of light-limitation, evaluating Eq. A8 at z; and rearranging gives us the
equilibrium biomass,
~ log(Lin/I* a
jp— loslln/I)_ avg (A15)
a
The nutrient level at and above the layer is given by substituting Eq. A15 into Eq. A12,
and rearranging:

by o m(l—e)(z+1/h— z)
R(’Zl) = Rin CLYDR

(log(Lin/I") — angz) > R* (A16)

Note that R(zl) increases as z; increases, so that a shallower light-limited layer depresses
nutrient levels more.

In the case of co-limitation, both Eq. A13 and A15 hold, and R(zl) = R* and
I(z) =I*.

page 3 of 3



