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Abstract
Phytoplankton growth and stoichiometry depend on the availability of multiple nutrients. We use a mathematical
model of phytoplankton with flexible stoichiometry to explain patterns of phytoplankton composition in chemostat
experiments and nutrient drawdown dynamics that are found in the field. Exponential growth and equilibrium
represent two distinct phases, each amenable to mathematical analysis. In a chemostat at a fixed dilution (growth)
rate, phytoplankton stoichiometry matches the nutrient supply stoichiometry over a wide range at low growth rates
and over a narrow range at high growth rates. In a chemostat with a fixed nutrient supply stoichiometry, phytoplankton stoichiometry varies with dilution rate nonlinearly, between the supply stoichiometry at low dilution rates
and a species-specific optimal ratio at high dilution rates. The flexible-stoichiometry model we study predicts low
equilibrium concentrations of two nutrients over a wide range of supply ratios, contrary to the predictions of a
traditional fixed-stoichiometry model. The model is in quantitative agreement with experimental data, except at
extreme nutrient supply ratios, which require a negative feedback from quota to uptake to fit the data. Our analysis
points to the importance of better understanding the regulation of uptake rates in determining phytoplankton stoichiometry and incorporating this knowledge into phytoplankton models.

Phytoplankton require multiple nutrients for growth.
Knowledge of how multiple nutrients interact to limit growth
is essential to understanding the causes of variation in phytoplankton stoichiometry (Rhee 1978; Goldman et al. 1979),
the identity of the nutrient(s) limiting biomass and primary
production (Smith 1982), and the effect of resource competition on community structure (Tilman 1982). Of particular
interest are nitrogen (N) and phosphorus (P), two macronutrients that are commonly thought to limit phytoplankton
(Smith 1982; Downing 1997).
Classic chemostat experiments under multiple-nutrient–
limited growth conditions were performed in the 1970s and
1980s (Sterner and Elser 2002). Rhee (1978) grew Scenedesmus sp. at a fixed dilution rate with the N : P ratio in the
input medium varying from 5 to 80 (by atoms, as throughout
this paper). He found that phytoplankton N : P stoichiometry
matched the input ratio and that residual nutrients were undetectable. Sterner and Elser (2002) interpreted this as a
complete absence of homeostasis over the range of input
ratio studies. Other researchers (Goldman et al. 1979; Healey
and Hendzel 1979; Ahlgren 1985) fixed the N : P input ratio
but controlled the equilibrium growth rate by varying the
dilution rate of the chemostat. These studies show that phytoplankton stoichiometry is most variable at low growth
rates, with N : P varying from 5 to 100 and carbon (C) : P
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varying from 60 to 1,200, and that phytoplankton tend to
match the input ratio at low growth rates. As the growth rate
approaches the maximum growth rate, phytoplankton stoichiometries under N- or P-limitation converge to intermediate values. Some researchers (Goldman et al. 1979) consider these values the Redfield ratios (Redfield 1958;
Redfield et al. 1963), but a closer inspection of the data
shows that the ratios at the maximum growth rate are species-specific. There is currently no theoretical explanation
for the results of either of these types of experiments.
Three elements of a theory of multiple-nutrient–limited
growth have been proposed and are well supported experimentally. (1) The relationship between external nutrient concentration and uptake rate often fits Michaelis–Menten kinetics (Turpin 1988). (2) The relationship between the
internal concentration (cell quota) of a single limiting nutrient and growth rate is also saturating, with a minimum quota
below which growth is zero (Caperon 1968; Droop 1968).
The model of growth with one limiting nutrient incorporating these two relations has been tested in both constant and
fluctuating environments (Grover 1991a,b; Spijkerman and
Coesel 1996). Concerning multiple limiting nutrients, (3)
Liebig’s law of the minimum has been shown to hold:
growth depends on the internal concentration of only the
most limiting nutrient (Droop 1974; Rhee 1978).
Although these three elements have been accepted for at
least 20 yr, only recently have they been integrated into a
mathematical model of multiple nutrient limitation (Legović
and Cruzado 1997). Here, we further analyze this model at
equilibrium and during exponential growth and compare
model predictions to the classic experiments reviewed above.
Our goals are the following: (1) to understand the experimental results on the determinants of phytoplankton stoichiometry described above, (2) to explain the patterns of nutrient drawdown found in the field, and (3) to highlight some
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Table 1. Parameter used in numerical solutions unless otherwise noted. Based on Rhee (1974, 1978), with P uptake parameters set within
the observed range so that the optimal uptake assumption is met.
Parameter

Meaning (units)
21

a
Rin, P
Rin, N
Vmax, P
Vmax, N
KP
KN
m`
m
Qmin, P
Qmin, N
Qmin, N /Qmin, P

Chemostat dilution rate (day )
Input phosphorus concentration mmol P L21)
Input nitrogen concentration (mmol N L21)
Maximum phosphorus uptake rate (1029 mmol P cell 21 day21)
Maximum nitrogen uptake rate (1029 mmol N cell 21 day21)
Phosphorus half-saturation constant (mmol P L21)
Nitrogen half-saturation constant (mmol N L21)
Growth rate at infinite quota (day21)
Mortality rate (day21)
Minimum phosphorus quota (1029 mmol P cell 21)
Minimum nitrogen quota (1029 mmol N cell 21)
Optimal N : P ratio (mol N (mol P)21)

critical gaps in our knowledge of multiple-nutrient–limited
growth that warrant further empirical and theoretical work.

The model
The model follows phytoplankton and two inorganic nutrients, R1 and R2. Phytoplankton are represented by three
variables: cellular quotas (amount of resource per cell) of
nutrients 1 and 2 (Q1 and Q2) and biomass (B). Nutrients are
supplied as in a chemostat, with supply rate a and input
concentrations Rin,1 and Rin,2. Nutrient uptake depends on inorganic nutrient concentrations but not internal stores. We
assume Michaelis–Menten functional forms, fi(R i) 5 Vmax,iR i /
(R i 1 Ki). Quotas increase from nutrient uptake and decrease
from growth due to dilution. We assume single-nutrient–limited growth follows Droop’s formulation (Droop 1968), m`(1
2 Qmin,i /Q i), where m` is the growth rate at infinite quota
and Qmin,i is the minimum quota of nutrient i at which growth
ceases. Multiple-nutrient–limited growth is modeled by the
minimum of the functions describing single-nutrient–limited
growth, encoding Liebig’s law of the minimum. For simplicity, we assume that both nutrients have the same m` (but
see Terry 1985). Biomass increases due to growth and decreases from density-independent mortality at rate m $ a.
Together, these assumptions result in the following model:
dR1
5 a(Rin,1 2 R1 ) 2 f 1 (R1 )B
dt
dR2
5 a(Rin,2 2 R2 ) 2 f 2 (R2 )B
dt

1

2

1

2

dQ1
Q
Q
5 f 1 (R1 ) 2 m `min 1 2 min,1 , 1 2 min,2 Q1
dt
Q1
Q2
dQ2
Q
Q
5 f 2 (R2 ) 2 m `min 1 2 min,1 , 1 2 min,2 Q2
dt
Q1
Q2

1

2

dB
Q
Q
5 m `min 1 2 min,1 , 1 2 min,2 B 2 mB
dt
Q1
Q2

(1)

This model, with the further assumption that m 5 a, was
studied by Legović and Cruzado (1997).

Value
0.59
3
15–240
12.3
341
0.2
5.6
1.35
a
1.64
45.4
27.7

It is well known that phytoplankton have some control
over their maximum nutrient uptake rates (Rhee 1974,
1978). Therefore, a further assumption we will make at times
is the optimal uptake assumption that phytoplankton take up
nutrients in an optimal ratio when nutrients are abundant.
Mathematically, this means Vmax,1 /Vmax,2 5 Qmin,1 /Qmin,2. If the
minimum quotas represent the functional pools of these nutrients, then this assumption means that when nutrient levels
are high, phytoplankton consume nutrients in the ratio required to make new biomass. We note in our analysis below
when we make this additional assumption.

Numerical solution
To illustrate the dynamics of growth, we first present numerical solutions of model 1 using parameters based on Pand N-limited growth of the chlorophyte Scenedesmus sp.
studied by Rhee (1974, 1978) (Table 1). When referring to
actual nutrients, we replace numbered subscripts with P and
N. These parameters were fixed to meet the optimal uptake
assumption. Figures 1, 2 show the dynamics under P- and
N-limitation. Both runs start growth with a small inoculum
of cells devoid of stored nutrients and nutrient levels at their
input concentrations. In both cases, biomass grows sigmoidally over time, approaching a stable equilibrium (Figs. 1A,
2A). Nutrients are drawn down in the same fixed ratio until
one nutrient reaches low concentration (Figs. 1B, 2B). Phytoplankton N : P stoichiometry (measured as QN /QP) shows
two distinct phases (Figs. 1C, 2C). During the exponential
growth phase, phytoplankton N : P is constant and similar in
both runs. As equilibrium is approached, phytoplankton
N : P diverges toward a higher value under P-limitation (Fig.
1C) and toward a lower value under N-limitation (Fig. 2C).
In these particular cases, the equilibrium N : P closely resembles the input N : P, Rin,N /Rin,P. The occurrence of two distinct
growth phases suggests a natural division for our model
analysis that follows.

Model analysis: Exponential phase
During exponential growth, quotas quickly reach a quasiequilibrium while nutrients are still abundant (Figs. 1, 2).

Phytoplankton growth and stoichiometry

Fig. 1. Numerical solution of model 1 under P-limitation. Rin,P
5 3, Rin,N 5 180; other parameters are given in Table 1. (A) Biomass
versus time. (B) Available phosphorus and nitrogen. The right-angle
line is the zero net growth isocline (Tilman 1982). (C) Phytoplankton N : P stoichiometry versus time.

Thus, to approximate the dynamics during exponential
growth, we set R1 5 Rin,1, R2 5 Rin,2, dQ1 /dt 5 0, and dQ2 /
dt 5 0 and solve for Q̃1 and Q̃2, where tildes denote quasiequilibrium values. We find
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Fig. 2. Numerical solution of model 1 under N-limitation. Rin,P
5 3, Rin,N 5 30; other parameters are given in Table 1. (A–C) As
in Fig. 1.

Q̃lim 5 Qmin,lim 1

f lim (Rin,lim )
m`

˜ non 5 f non (Rin,non ) Q
˜
Q
f lin (Rin,lim ) lim

(2)
(3)
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where the subscripts ‘‘lim’’ and ‘‘non’’ denote the limiting
and nonlimiting resources, respectively, determined by Qnon /
Qlim . Qmin,non /Qmin,lim. Substituting Eq. 2 into dB/dt, we find
the realized maximum growth rate to be

mmax 5

m ` f lim (Rin,lim )
m ` Qmin,lim 1 f lim (Rin,lim )

(4)

The phytoplankton stoichiometry is the same regardless of
which nutrient is limiting.
Q̃1
f (R )
5 1 in,1
Q̃2
f 2 (Rin,2 )

(5)

Under the optimal uptake assumption, when nutrients are
saturating,
Q̃1
Q
ø min,1
Q̃2
Qmin,2

(6)

Because phytoplankton consume nutrients in the ratio given
by Eq. 5, this also corresponds to the consumption vector
(sensu Tilman 1982), which is the slope of nutrient drawdown shown in the exponential phase of the numerical solutions (Figs. 1B, 2B). Thus, during exponential growth,
phytoplankton ‘‘are what they eat’’ (Sterner and Elser 2002),
and if the optimal uptake assumption holds, they ‘‘eat what
they need.’’

Model analysis: Equilibrium phase
To analyze model 1 at equilibrium, we set all time derivatives equal to zero. Because of the minimum term in the
growth equation, one nutrient alone usually limits growth.
dB/dt 5 0 implies
Q̂lim 5 Qmin,lim

m`
m` 2 m

(7)

where hats represent equilibrium values. Setting dQlim /dt 5
0 determines the available pool of the limiting nutrient,
which is the phytoplankton’s break-even concentration, R*,
21
R̂lim 5 R*
lim 5 f lim

5

1m

2

Qmin,lim mm `
` 2 m

Qmin,lim mm ` Klim
V max,lim (m ` 2 m) 2 Qmin,lim mm `

(8)

Biomass is given by setting dRlim /dt 5 0,
B̂ 5

a(Rin,lim 2 R*
a(Rin,lim 2 R*
lim )
lim )(m ` 2 m)
5
Q̂lim m
Qmin,limm ` m

The equilibrium quota of the nonlimiting nutrient is
f (Rˆ )
Q̂non 5 non non
m

(9)

(10)

which depends on R̂non. The algebraic expressions for equilibrium values of Q̂non and R̂non are unwieldy, but they can
easily be determined numerically.
The zero net growth isocline (ZNGI), the set of (R1, R2)
for which growth ceases, is a right-angle curve made of R1

5 R1* when R2 $ R*
2 and R2 5 R*
2 when R1 $ R*
1 , as is
typical of essential resources (Tilman 1982). Figures 1B, 2B
illustrate the ZNGI close to the axes and show that available
nutrient levels are drawn down to lie on the ZNGI at equilibrium. Legović and Cruzado (1997) show that the equilibrium is linearly stable when m 5 a, and we have proven it
is stable for any m.
Figure 3 shows the influence of the nutrient supply ratio
on phytoplankton stoichiometry, parameterized to match
Rhee’s (1978) Scenedesmus experiments. Figure 3A,B shows
equilibrium N and P quotas, respectively. The model predictions (solid lines) closely match Rhee’s experimental data
(points). The model also accurately predicts the equilibrium
cell density (data not shown). The N quota is low and independent of the N : P supply ratio when N is limiting, and
it increases with increasing N : P supply when P is limiting
(Fig. 3A). The P quota is low and independent of the N : P
supply ratio when it is limiting, and it increases with decreasing N : P supply when N is limiting (Fig. 3B). Figure
3C shows how the N : P supply ratio affects phytoplankton
N : P. For low dilution (growth) rates, phytoplankton stoichiometry matches the nutrient supply ratio over most of the
range shown, such as for Rhee’s experiments where a 5 0.59
d21. However, for higher dilution rates, the curves become
sigmoidal, revealing a limit to the flexibility of phytoplankton stoichiometry.
Figure 4 shows the influence of dilution rate on phytoplankton stoichiometry in a chemostat, as in the study by
Goldman et al. (1979). Under N- (dotted line) or P-limitation
(dashed line), the phytoplankton N : P stoichiometry equals
the input ratio at low growth rates (Fig. 4A). This occurs
because phytoplankton consume almost all the nutrients that
enter the chemostat. This result is exact when m 5 a as in
a perfect chemostat, and it is approximate when m . a. At
growth rates close to maximal, the phytoplankton stoichiometry approaches fN(Rin,N )/f P(Rin,P); because phytoplankton
biomass is low, they have little effect on the nutrient concentrations, and therefore, they match the exponential
growth case given by Eq. 5. When phytoplankton are supplied nutrients in their optimal N : P ratio (solid line), they
maintain this N : P ratio in their biomass over the range of
growth rates, under the optimal uptake assumption.
The effect of dilution rate on the quota of the limiting
nutrient is given by Eq. 7, which shows that the quota increases with dilution rate (Fig. 4B, solid line). The effect of
dilution rate on the quota of a nonlimiting nutrient is less
straightforward, and it depends on the input ratio. When a
species is close to colimitation, the quota of the nonlimiting
nutrient appears to fit the Droop equation but with a greater
quota for a given growth rate than when limiting conditions
are examined (Fig. 4B, dot-dashed line). The more the supply ratio deviates from the species optimum ratio, the higher
the quota of the nonlimiting nutrient. When the supply ratio
is sufficiently different from the species optimal ratio, the
slope of the quota-versus-dilution rate curve becomes negative at high dilution rates, and the quota of the nonlimiting
nutrient reaches a maximum at an intermediate dilution rate
(Fig. 4B, dashed and dotted lines).
We can understand these results heuristically using two
approximations. At high mortality rates (m close to mmax),
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Fig. 4. Equilibrium phytoplankton stoichiometry as a function
of dilution (growth) rate. In all cases, Rin,P 5 3, and other parameters
are given in Table 1. (A) Phytoplankton N : P. The dashed line represents P-limitation (Rin,N /Rin,P 5 60); the solid line represents colimitation (Rin,N/Rin,P 5 27.7); and the dotted line represents N-limitation (Rin,N /Rin,P 5 10). (B) Phytoplankton P quota, Q̂P. The solid
line represents P-limitation (Rin,N /Rin,P $ 27.7); the dot-dashed line
represents mild N-limitation (Rin,N /Rin,P 5 21); and the dashed and
dotted lines represent stronger N-limitation (Rin,N /Rin,P 5 9 and 3,
respectively).

the available pool of the nonlimiting nutrient is large, and
uptake is approximately maximal. Equation 10 shows that
Q̂non ø

Fig. 3. Equilibrium phytoplankton stoichiometry as a function
of nutrient supply stoichiometry. Parameters are given in Table 1.
Arrows on the axes show the phytoplankton’s optimal N : P ratio,
the border between N- and P-limitation. (A) N and (B) P quota with
a 5 0.59 d21. The solid line gives model predictions; the dots are
corresponding experimental measurements taken from Rhee (1978).
(C) Model predicted phytoplankton N : P under three dilution
(growth) rates. The solid line represents Rhee’s (1978) experimental
setup, with dilution (growth) rate a 5 0.59 d21. The dashed and
dotted lines represent higher dilution rates, a 5 0.9 and a 5 1.05
d21, respectively.

Vmax,non
m

(11)

which explains the negative slope at high dilution rates in
the dashed and dotted lines of Fig. 4B. In this case, the quota
of the nonlimiting nutrient is uptake-limited. At low mortality rates (m close to zero), the available pool of both nutrients is small (R i ø 0). In a perfect chemostat (m 5 a), the
phytoplankton must contain almost all the nutrients supplied.
Then,
Q̂non ø

Rin,non
R
m`
ø in,non Qmin,lim
B̂
Rin,lim
m` 2 a

(12)

Here, the quota of the nonlimiting nutrient increases with
dilution rate, as for small a in Fig. 4B. In this case, the quota
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man 1982). Regardless of the nutrient-limiting growth, phytoplankton reduce both nutrients to low levels in the flexible
stoichiometry model 1 (Fig. 5A). In contrast, the fixed stoichiometry model leaves the available concentrations of the
nonlimiting nutrient at high concentrations and results in low
concentrations of both nutrients only when the supply ratio
is close to the optimal ratio (Fig. 5B).

Model extension: Uptake inhibition
Although model 1 correctly predicts the results of Rhee’s
1978 chemostat experiments (Fig. 3), it ignores many aspects of nutrient-limited phytoplankton growth. One particularly relevant aspect that is neglected is negative feedback
from internal nutrient stores to uptake rates. This has been
demonstrated for many species (e.g., Rhee 1974, 1978; Morel 1987). Commonly, this inhibition is summarized by treating the maximum uptake rate of a nutrient as a decreasing
function of its quota. DiToro (1980) has shown that for single-nutrient–limited growth, models without uptake inhibition can grossly overestimate the maximum quota of a limiting nutrient.
To test whether our model of multiple-nutrient limitation
also overestimates the flexibility of phytoplankton stoichiometry, we compared model predictions to three other of
Rhee’s experiments with Scenedesmus sp., where he measured cellular stoichiometry with extreme supply ratios
(Rhee 1974). Outside the range of N : P supply ratios shown
in Fig. 3, our model consistently overpredicts the quota of
the nonlimiting nutrient (Table 2). Numerical solution of a
variant of model 1 with maximum uptake rates dependent
on quotas, using the functions and parameters given by
Gotham and Rhee (1981a,b), does a better job. This modified model also accurately predicts the data shown in Fig. 3,
except for underpredicting QN under severe P-limitation
(data not shown). However, a different parameterization of
the Vmax,N(QN ) function at high QN fixes this problem (data
not shown).

Discussion

Fig. 5. Nutrient drawdown patterns for a range of nutrient supply ratios. (A) Using model 1 with flexible phytoplankton stoichiometry. Parameters are given in Table 1. (B) Using an analogous
model with fixed phytoplankton stoichiometry.

of the nonlimiting nutrient is supply-limited. Note that Eq.
12 is a rescaled version of the Droop expression in Eq. 7.
Near colimitation, the supply-limited approximation is valid
over the whole range of a; away from colimitation, the supply-limited approximation is valid for small a, and the uptake-limited approximation is valid for large a.
Figure 5 compares the nutrient drawdown patterns in
model 1 and an analogous fixed stoichiometry model (Til-

Model predictions—Model 1 makes a number of predictions about the determinants of phytoplankton growth and
stoichiometry and nutrient drawdown patterns. We compare
them with field observations and laboratory experiments.
First, the temporal dynamics of nutrient drawdown during
growth show two phases (Figs. 1, 2, 5A). At high nutrient
levels, nutrients are consumed in a fixed ratio. Under the
optimal uptake assumption, the consumption ratio and the
phytoplankton stoichiometry are approximately optimal. After one nutrient is depleted and limits growth, uptake of the
nonlimiting nutrient continues, and phytoplankton stoichiometry deviates from optimal. Redfield et al. (1963) report
such drawdown patterns from the Long Island Sound. Because phytoplankton vary in their optimal N : P ratios, Qmin,N /
Qmin,P (Rhee and Gotham 1980; Hecky and Kilham 1988;
Andersen 1997), we expect the initial drawdown ratio to be
species-specific, as was demonstrated in the Southern Ocean
by Arrigo et al. (1999).
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Table 2. Comparison of Rhee (1974) experiments with model 1 and a modified model that includes inhibition of nutrient uptake,
parmeterized according to Gotham and Rhee (1981a, b), so that Vmax 5 (vmax Kinh 2 c(Q 2 Qmin))/(Q 2Qmin 1 Kinh). for N, vmax 5 1,320
3 1029 mmol N cell 21 d21, c 5 0, and Kinh 5 10.99 3 1029 mmol N cell 21. For P, Vmax 5 93.17 3 1029 mmol P cell 21 d21, c 5 102.8 3
1029 mmol P cell 21 d21, and Kinh 5 14.85 3 1029 mmol P cell 21. Rin, N and Rin, P are given in units of 1029 mmol L21, a in units of day21,
and Q’s in units of 1029 mmol cell 21.
Observed
Limitation
N
N
P

Model 1

Inhibition model

Rin, N

Rin, P

a

QN

QP

QN

QP

QN

QP

10.0
22.1
2,000

10.0
10.0
1.06

0.63
0.68
0.68

74.73
86.33
215.0

10.41
11.7
3.07

85.1
91.5
500

19.0
17.5
3.3

85.1
91.5
164

12.9
12.8
3.3

Second, the model predicts low nutrient levels of both
limiting and nonlimiting nutrients at equilibrium (Fig. 5A).
This contrasts with the predictions of an analogous fixedstoichiometry model (Tilman 1982), which shows simultaneous depletion of both nutrients only when the supply ratio
matches the optimal ratio (Fig. 5B). Dissolved organic and
inorganic N and P were undetectable in Rhee’s experiments
regardless of which nutrient was limiting (1978). Simultaneous depletion of N and P to low levels is common in lakes
and the ocean, so we suggest that analytical and simulation
models incorporate flexible phytoplankton stoichiometry if
they seek to explain available nutrient concentrations and
resource competition.
The third and fourth predictions concern how the dilution
(growth) rate and the nutrient supply ratio interact to determine phytoplankton stoichiometry in chemostat cultures. At
low dilution (growth) rates, phytoplankton stoichiometry
matches the nutrient supply ratio (Fig. 3C). At low dilution
rates, available nutrients are quite scarce, and phytoplankton
consume almost all the nutrients that are supplied, therefore
matching the input ratio. In Sterner and Elser’s terms (2002),
they ‘‘are what they eat,’’ and furthermore, they ‘‘eat what
they are served.’’ At high dilution rates, phytoplankton stoichiometry is less variable (Fig. 3C). This occurs because the
phytoplankton in a chemostat are perpetually growing exponentially, and when the dilution rate is high, nutrient levels are also high. In this case, they begin to match their
optimal ratio as in the exponential growth case, given the
optimal uptake assumption. Cells ‘‘eat what they need.’’ Figure 3 was parameterized using the species parameters from
Rhee’s classic experiments (1978). The solid line in Fig. 3C,
which represents the same experimental dilution rate as in
Rhee, gives results identical to those in his experiments: the
phytoplankton are perfectly flexible over the range of N : P
inputs examined. However, as the other lines show, if Rhee
had run his experiments at a higher dilution rate, the phytoplankton stoichiometry would appear less variable.
The effect of varying dilution rate for a fixed N : P supply
ratio was investigated experimentally (Goldman et al. 1979;
Healey and Hendzel 1979; Ahlgren 1985). Figure 4 corresponds to this type of experiment and qualitatively matches
the experimental findings. At low growth rates, phytoplankton N : P stoichiometry matches the supply ratio, while at
high growth rates, phytoplankton stoichiometry approaches
the optimal ratio under the optimal uptake assumption (Fig.
4A). Goldman et al. (1979) report the same pattern empirically (reprinted as fig. 3.3A in Sterner and Elser 2002).

Again, because the optimal N : P ratio is species-specific
(Rhee and Gotham 1980; Hecky and Kilham 1988; Andersen
1997), the phytoplankton N : P ratios at high growth rates do
not reflect a universal Redfield ratio, contrary to Goldman
et al. (1979). The predicted relationship between growth rate
and phytoplankton N : P stoichiometry is not linear but can
be constant over a range of low growth rates (Fig. 4A).
The effect of dilution rate on the quota of the nonlimiting
nutrient is more complicated. Near colimitation, Qnon increases with dilution rate over the range of possible dilution rates
(Fig. 4B). The relationship between dilution rate and Qnon
approximately follows a Droop relationship, except with an
apparent Qmin,non 5 (Rin,non /Rin,lim)Qmin,lim (Eq. 12). This explains why the Droop model can often fit quota data for both
limiting and nonlimiting nutrients (Droop 1974). However,
far from colimitation, our model predicts that Qnon increases
at low dilution rates (perhaps only slightly) and decreases at
high dilution rates. This decrease at high dilution rates occurs when uptake of the nonlimiting nutrient is saturated.
This may explain why the C : P ratio of Thalassiosira pseudonana increased with growth rate under N-limitation (Goldman et al. 1979).
Overall, the agreement between the model predictions and
field studies and laboratory experiments suggests that model
1 captures many essential features of multiple-nutrient–limited growth. We agree with Legović and Cruzado (1997),
who first analyzed this model, that it would be a useful subcomponent of more complex ecosystem simulations. In the
case of Scenedesmus that we examined quantitatively, including the inhibition of nutrient uptake by internal stores
improved the model predictions only at extreme nutrient
supply ratios. Grover (1991a) also noted that inhibition of
nutrient uptake did not improve the ability of a single-nutrient Droop model to predict competitive outcome in nonequilibrium experiments.
Our analysis points out one crucial but still poorly understood physiological process: the regulation of uptake rates.
These rates are important because they alone determine phytoplankton stoichiometry during exponential growth at high
nutrient levels (Eq. 5). When we make the optimal uptake
assumption, we assume phytoplankton consume nutrients in
the ratio they require when nutrients are saturating. This
makes sense for species that typically bloom in response to
high nutrients, but perhaps other species that favor equilibrium conditions are preadapted to consume nutrients at the
optimal ratio at low levels. The empirical validity of our
optimal uptake assumption is not clear. Our model treats
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maximum uptake rates as fixed constants, but they are
known to vary widely with growth conditions (Rhee 1974,
1978). Biologically, uptake rates can be rapidly altered by
shutting down uptake proteins, exuding alkaline phosphatases, or, more slowly, by changing the rates of uptake protein
synthesis and degradation. Existing experimental (Gotham
and Rhee 1981a,b) and theoretical (Andersen 1997) studies
that include regulation of maximal uptake rates assume that
they depend only on the internal stores of the same nutrient
and that this feedback is rapid. We suspect that the regulation
of uptake may be more complicated, varying on different
timescales and depending on internal stores of both limiting
and nonlimiting nutrients. Models that include a more mechanistic approach to nutrient uptake regulation will further our
understanding of phytoplankton stoichiometry.
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